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Proposition 1. The square root of 2 is irrational.

We prove that /2 is irrational.
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Assume to the contrary that /2 is rational, V

where p and ¢ are integers and g == 0.

4
Moreover, let p and ¢ have no common divisor > 1.

Then




Since 2¢° is even, it follows that p* is even.

Then p is also even

(in fact, if p is odd, then p* is odd).

This means that there exists k € Z such that

p = 2k. (2)

Substituting (2) into (1), we get



2¢° = (2k)° = 242 — a8

—

Since 2k? is even,

it follows that ¢* is even.

Then ¢ 1s also even.

This 1s a contradiction.



- We prove that v/4 is irrational.

Assume to the contrary that /4 is rational, that is

viz?

q

where p and ¢ are integers and g = 0.

Moreover, let p and ¢ have no common divisor > 1.

Then



l=— = 1q° = p°. (1)

Since 4¢” is even. it follows that p® is even.

Then p is also even |

(in fact, if p is odd, then p? is odd).

This means
that there exists k = 7. such that

p = 2k. (2)

Substituting (2) into (1), we get



1 = (2k)° = 42 =8k = ¢ =2

Since 2k7 is even, it follows that ¢ is even. Then ¢ is also even.

This 1s a contradiction. B
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We prove that /6 is irrational.

Assume to the contrary that /6 is rational, that is

\/E:p

q?

where p and ¢ are integers and g == (.

Moreover, let p and ¢ have no common divisor > 1.

Then



2
6= = 6q¢°=7p° (1)

72
Since 6¢° is even, it follows that p? is even.

Then p is also even (in fact, if p is odd, then p? is odd).

This means  that there exists k € Z such that
p = 2k. (2)
Substituting (2) into (1), we get
6q2 = (Ek)E =  6¢° =4k = 3¢ =2k"

Since 2k? is even, 1t follows that 3q° is even.

Then q is also even (in fact, if ¢ is odd, then 3¢* is odd).

contradiction. Il




1
We prove that EV@ + 5 is irrational.

1
Assume to the contrarv that gv@ + 5 1s rational,

that is l\fE + 5= p
3 a’
where p and ¢ are integers and g # 0.
Then Up 5
V2 = (p ﬁ’}_
3(p — 5q)
q

Since /2 is irrational and 1s rational,

we obtalin a contradiction.



We prove that log- 2 is irrational.

Assume to the contrary that log- 2 is rational,

that is
log. 2 = E,
{q

where p and g are integers and g # 0. Then
5P/ =2 = 5P =21

Since 57 is odd and 29 is even, we obtain a contradiction. W



We prove that /2 4+ /3 is irrational.
Assume to the ~omtrars that /9 L /3 §s rational,

that is V2a+v3=E
where p and ¢ are integers and g == 0. Then

2 pi pE
(V2+v3) =5 = 2+2J§~/§+3=q_2
2 5 2
= 54+2V6= p—z ~ Ve="1 7
2q*?
‘ . . p* —5¢* .
Since V6 is irrational. and T rational,

we obtain a contradiction. H




We prove that V2 + /3 is irrational.
Assume to the contrary that v'2 + V/3 is rational.

, that is

V2+3="L

q

where p and ¢ are integers and g = 0. .

It follows that






We can rewrite this as

3
p° P
T +6-—3
o a "~ _ P +6pg” -3¢
o 2 o 2 205
37 4o p?q+ 2q
q

1

d_pg%-ﬁpqz-qu

1s rational.
3pq + 2q° |

Since /2 is irrational an

we obtain a contradiction. B



Proposition 2. For any squarefree integer n > 1, \/n is irrational.

What about the case of general n? Well, of course vn? is not only rational but is
an integer, namely n. Moreover, an arbitrary positive integer n can be factored to
get one of these two limiting cases: namely, any n can be uniquely decomposed as

n=sNZ,

where s is squarefree. (Prove it!) Since v sN2 = N /s, we have that \/n is rational
iff \/s is rational; by the above result, this only occurs if s = 1. Thus:



Theorem 3. Forn € ZT, \/n is rational iff n = N* is a perfect square.

Another way of stating this result is that \/n is either an integer or is irrational.

What about cube roots and so forth? We can prove that v/2 is irrational using
a similar argument: suppose v/2 = +, with ged(a,b) = 1. Then we get

M =,

s02|a’, thus 2 | a. Puta =24, s00* =22A% and 2 | b*. Thus 2 | b: contradiction.

Any integer can be written as the product of a cube-free integer' and a perfect
cube; with this one can prove that the ¢/n is irrational unless n = N3. For the sake

of variety, we prove the general result in a different way.



Theorem 4. Let k > 2 be a positive integer. Then &/n is irrational unless n = N*
is a perfect kth power.

Proof. Suppose n is not a perfect kth power. Then there exists some prime p | n
such that ord,(n) is not divisible by k. Let us use this prime to get a contradiction:

k
% =7, a® = nb*.
Take ord, of both sides:
kord,(a) = ord,(a*) = ord,(nb*) = kord,(b) + ord,(n),

so ord,(n) = k(ordy(a) —ord,(b)) and k | ordy(n): contradiction. []
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- We prove that sin 1° is irrational.

Assume to the contrary that sin1° is rational.

L - L T T r"-'l—' r ™ T callie el e e

Then cos?1° and  cos2° are also rational,

=11

cos21° =1 —sin?1° and cos2® = cos®1° — sin” 1°.

Similarly, cos4°, cos8°, cos 16°, and cos 32° are rational, since
cos4® =2c0s?2° — 1, cos8° =2cos’4° — 1,

cos 16° = 2 cos? 8° — L, cos 32° = 2cos? 16° — 1.



(In the Aathear hand wa l‘l,,'._'i_,"i,,-"-E_L

V3
—~ = cos 30° = cos(32° — 27)
= cos 32° cos 2° 4+ sin 32° sin 2°
= cos32° cos2° 4+ 2 cos 16° sin 16° sin 2°

cos 32° cos2° 4+ 4cos 16° cos 8° sin 8 sin 2°

c0s 32° cos 2” + 8cos 16° cos 8° cos4” sin 4" sin 2°

O o) 0 0 0 O _+ 2 a0
cosd2 cos2 + 16coslb cos® cosd cos2 sin” 2
= c0s 32° cos 2° 4+ 64 cos 16° cos 8 cos4° cos 2° cos® 1° sin® 1°.

The right-hand side is rational.  One can prove that - is irrational.

We obtain a contradiction.



i 1 1 1
We prove that 2+ — + — + ... 4+ — + ... is irrational.
o 2! 3l n!

Assume to the contrary that this number is rational, that is

=24+ — 4 o — 4,

P 1 1 1
q 3!

nl

where p and ¢ are integers and g = 0.
We multiply both sides by gn! with n > q.
We get

pn! = gn! (E—I—i—l—l—l—...—l—l—l—...)
2! 3! n!



2! 3

feets iy s ) pqu(—— L T
= . — — . — TL. .
4 2l T 3 W) T ) T 2 T (nt3)

11 1 1 i 1
g (24— 4+ —
an ( RETRETRY +n!)+q(n—|—1+{?1+1){n-+2}+{n—|—1}{ﬂ-—|—2}{ﬂ—|—3)+ )

=0

1 1 1
pn!:qn!(ﬂ—l———l———l—...l I)

pn! — gn! Q—I—l—l—i—l—...—l—l
2! 3! n!

1 1 1
:q(n—|—1 Thr D 2  mrD)mt2)(n+3) +)

Note that pn! and gn!

0 1 1 1 -
+ 51 + 2] + ... 1 - are mmteger.



It we prove that

1 1 1
q (n—l— 1 T (n+1)(n+2) T (n+D)n+2)(n+3) —I—) < 1,
we obtain a contradiction.

To this end we observe that

1 . 1
(n+1)(n+ 2) (n + 1)9 !

1 1
(n+1)(n+2)(n+ 3) = (n+1)3




By this and a formula of geometric progression we have

1 1 1
q(n—l—l i (n+1)(n+2) N (n+1)(n+2)(n+3) +)

1 1 1
<
q(ﬂ+1 N (n+ 1) _+ (n+1)? " )

1
— 4
1
1)(1—
(1 ]( n—l—l)
_, 1 — 1 q
B ontl A1 1
n+1 —— n

which is <1 by (1). B





















